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SUMMARY  The number of customers of a service for Internet access
from cellular phones in Japan has been explosively increasing for some
time. We analyze the relation between the number of customers and the
volume of traffic, with a view to finding clues to the structure of human
relations among the very large set of potential customers of the service.
The traffic data reveals that this structure is a scale-free network, and we
calculate the exponent that governs the distribution of node degree in this
network. The data also indicates that people who have many friends tend
to subscribe to the service at an earlier stage. These results are useful for
investigating various fields, including marketing strategies, the propagation
of rumors, the spread of computer viruses, and so on.
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1. Introduction

The number of customers of NTT DoCoMo’s ‘i-mode ser-
vice’ in Japan (for Internet access from cellular phones)
has been explosively increasing and recently reached about
40,000,000, although the service was only introduced five
years ago[1]. Statistics on i-mode’s growth thus provide
an interesting body of information on the behavior of large
numbers of users. Complex networks such as structures
of social relations do not have an engineered architecture;
rather, they are self-organized by the actions of large num-
bers of individuals. The local interactions can lead to the
nontrivial global phenomenon of a scale-free distribution of
node degree [2], which in turn leads to a small-world prop-
erty [3], [4]. In this paper, we analyze the relation between
the number of i-mode customers and the volume of traffic,
with a view to finding clues to the structure of human re-
lations among the very large set of potential i-mode cus-
tomers. The traffic data reveals that this structure is a scale-
free network, and we calculate the exponent that governs the
distribution of node degree in this network. The data also in-
dicates that people who have more friends tend to subscribe
to the i-mode service at an earlier stage.
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If we consider each person as a node and each relation
between two people as a link, we have a graphical model of
human relations. If we can systematically characterize the
structure of graphs thus derived, the characterization should
be applicable to marketing strategies, the propagation of ru-
mors and epidemic, and demand forecasting for telecommu-
nications services, among others.

Networks of hyperlinks among web pages on the Inter-
net and certain social networks have been reported to show
small-world properties and act as scale-free networks. A
scale-free network has a small number of ‘hub’ nodes, each
of which has quite a lot of links. This feature acts to sup-
press increases in network diameter when the number of
nodes increases. As a result, the average numbers of hops
in the routes between all pairs of nodes are extremely small
and information spreads with remarkable speed. The defin-
ing feature of a scale-free network is that the distribution
of node degree obeys a power law, i.e. n(k) o k77, where
k and n(k) denote the node degree (number of links) and
the number of nodes of degree k, respectively, and y is a
positive constant. A wide variety of scale-free networks has
been found, in both technological and social realms. In most
cases, the relation 2.0 < y < 3.4 applies [5]. Ebel et al. [6]
analyzed the logs of the e-mail server at Kiel University and
produced a graph that represents the relationships among the
e-mail accounts of the students. A link in the graph indicates
the passage of at least one e-mail message between the cor-
responding pair of accounts. The graph in this case was a
scale-free network with the slightly atypical y value of 1.81.
This result reflects human relations within a small commu-
nity, in this case the set of people who use the university’s
e-mail server. The result is thus not applicable to people
in general. Furthermore, since an e-mail log will almost
certainly include records of multicast messages, i.e. mes-
sages sent to accounts on a mailing list, the passage of an
e-mail message does not necessarily indicate a relationship
between the owners of the corresponding pair of accounts,
so the result does not solely reflect human relations. Abello
et al. [7] and Aiello et al. [8] analyzed telephone calls on a
certain day and produced a graph that represents the rela-
tionships among phone numbers. In this case, a link repre-
sents the setting up of a connection between the correspond-
ing pair of numbers. This graph is a scale-free network with
v = 2.1. The data in this case is on a large number of non-
specified people so the result should be generally applicable;
however, a phone number often corresponds to a company
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or family rather than an individual, so the result does not
reliably reflect human relations.

This paper is on our investigation of the relation be-
tween the number of i-mode customers and the volume of
i-mode traffic. Simple analysis of this relation reveals some
fundamental features of human relations for a large number
of non-specified persons (the population within reach of the
service). In addition, we clarify this population’s dynamic
behavior as a set of potential service subscribers.

The rest of this paper is organized as follows. In Sect. 2,
we introduce our traffic data and point out the characteristics
which make them desirable as a basis for analyzing human
relations. In Sect. 3, we explain our assumptions and the
framework of our investigation, and present the analytical
and general form of the relation that characterizes i-mode
e-mail usage. In Sects. 4-6, we assume various rules for the
selection of new i-mode subscribers, and investigate the pat-
terns of human relations they reflect and the user dynamics
we would expect if the rule were correct. The rules are ran-
dom distribution, identical and independent distributions,
and a deterministic rule. Section 7 reveals that the struc-
ture of human relations forms a scale-free network. Finally,
we conclude our discussion with Sect. 8.

2. Traffic Data

Data on i-mode service traffic is of particular interest for the
following reasons.

(a) The explosive growth of the service minimizes the ef-
fect on traffic of external factors such as changes in
economic circumstances, family structure, and so on.

(b) Since almost all cellular phone terminals are for per-
sonal use, the transfer of an e-mail message between
two terminals unambiguously represents communica-
tion between the corresponding pair of customers.

(¢) Almost all e-mail traffic in the service is one to one,
S0 we can assume proportionality between the volume
of e-mail traffic and the number of customer pairs ex-
changing messages.

(d) Sending an e-mail message is much cheaper than a
voice communication, so external factors, e.g. the in-
come of users, only have negligible effects on the traffic
patterns.

(e) In the early stages of popularization of the i-mode ser-
vice, the combination of few e-mail advertisements and
little sensationalism to attract nuisance users meant that
very little of the traffic was independent of relation-
ships among people.

(f) The service was heavily advertised in the mass media.
Information about the i-mode service was thus widely
propagated within a short period and the intensity of
the public campaign meant that propagation was inde-
pendent of the topology of human relations.

The number of customers grew about three-fold, from
1,290,000 to 3,740,000, over the six months from Aug. 1999
to Jan. 2000 [1]. The relationship between the number of
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Fig.1 A log-log plot of the number of i-mode customers versus the vol-
ume of web traffic (as the number of site-access operations). Traffic data is
for August 1, 1999 to January 31, 2000. For both axes, the quantities are
normalized on the result for August 1, 1999 as one. The line with slope one
is for comparison.
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Fig.2 A log-log plot of the number of i-mode customers versus the vol-
ume of e-mail traffic (as the number of messages sent). Traffic data is for
August 1, 1999 to January 31, 2000. For both axes, the quantities are nor-
malized on the August result as one. The lines are given for comparison.

customers and the volume of i-mode web-service traffic in
this period is shown in Fig. 1. Let the number of i-mode
customers be m; the relationship is then written as

(i-mode web traffic) oc m. (1)

The most reasonable explanation for this is a stable fre-
quency of web access per user. The reason for this is as
follows: if users who have subscribed to the i-mode service
at an earlier stage are heavier users than more recent sub-
scribers, the volume of web traffic will not be proportional
to m. The result thus implies that the usage characteristics
of the i-mode service for the average customer were stable
over this period. The number of i-mode customers and the
number of i-mode messages in the same period is given in
Fig. 2. The data follows this power law:

(i-mode e-mail traffic) o« m'>>. 2)
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Fig.3  The graph representing human relations, G(V, E), and the subgraph G,,(V,,, E;,;) induced by

i-mode customers.

Therefore, the number of e-mail messages increases more
quickly than the volume of web traffic. If the number of
e-mail messages for an average customer is independent of
the number of i-mode customers and is stable, it should be
proportional to m. A value greater than m reflects growth
over time in the number of partners with whom the average
customer might want to communicate. On the other hand, if
the average customer knows a certain constant proportion of
customers (even if this proportion is small, e.g. 0.0001%),
the volume of e-mail traffic should be proportional to m?.
The fact that the volume of e-mail traffic is proportional to
m'*® where 0 < @ < 1, means that while the number of
possible communication partners increases, the ratio of this
number to the number of all customers falls. The parameter
a = 0.55 characterizes the rate of growth for e-mail traffic.
It also tells us something about the strength of human rela-
tions. Hereafter, we investigate the characteristics of human
relations that satisfy Eq. (2).

3. Notation and Assumptions

Let the set of people in Japan (i.e. the set of all potential
customers of the i-mode service) be V, and the set of pairs
of people who exchange information with each other be E.
The number of elements in V is |V| = n. We define human
relations as a graph G(V, E). We assume that G(V, E) is sta-
tionary. Next, we use a rule to select m elements from V and
let the subset of these selected elements be V,, (m < n). Let
the subgraph induced by V,, from G(V, E) be G,,(V,,, E;,).
That is, a node pair is connected by a link in G,,(V,,, E,)) if
and only if the corresponding node pair in G(V, E) is con-
nected by a link. Each element of V,, is an i-mode customer
and human relations among all i-mode customers are rep-
resented by G,,(V,, E,y) (see Fig.3). We assume that the
number of links, |E,,|, in the induced subgraph G,,(V,,,, E,,,)
is proportional to the volume of e-mail traffic (as the num-
ber of messages) flowing in the i-mode service. Thus, to
clarify the origin of the behavior that leads to Eq. (2), i.e. to
0 < @ < 1, we need to find the condition of human relations
G(V, E), and not just of the subset of relations G,,(V,,, E}),
that satisfies

|E,| o« m'*. (3)

In the following sections, we assume various possible

rules for selection of subscribers to the i-mode service, iden-
tify the rule which corresponds with our data, that is, the rule
which characterizes user-participation dynamics, and show
the structure of human relations G(V, E) thus implied.

4. Random Selection of New i-mode Customers

We sort all elements of V into descending order of degree
(number of links connected to the element) with respect to
the graph G(V, E), and let the degree of the i-th element be
D; (i =1,2,...,n). In cases where multiple nodes have the
same degree, i is arbitrarily assigned. Similarly, all elements
of V,, are sorted into descending order of degree with respect
to the subgraph G,,(V,,, E,,). We let the degree of the j-th
elementbed; (j=1,2,...,m).

Next, let us consider continuous versions of the degree
distributions D; and d;, denoted by D(x) and d(y), respec-
tively, where 0 < x < nand 0 < y < m. The distribution
D(x) of degree is a monotonically decreasing function of x,
and we choose D(x) that satisfies

b b
e f D(x) dx. )
i—a a—1

where arbitrary parameters a and b are integers which satisfy
1 < a < b < n. We choose the distribution d(y) in a similar
way.

Since the elements of V,, are chosen from V, a
node, which has the j-th largest degree, d; (j € V,,), in
G (Vin, Ep), will on average correspond to a node in the set
with the i-th (i = (n/m) j) largest degree in G(V, E). In ad-
dition, since the probability that the nodes connected to the
nodeie VinG(V,E)arein V,,is(m—1)/(n— 1),

-1
djﬁm

D;,
pa— (5)

on average. So, the expectation of the number of links in
GV, Ep), that is, F(m) := E[|E,|] are expressed as

1 m
Fm) = 3 ;d,-

l n
-5 [ avw
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2 n(n-1)
! m(m—l)

T2 am-1) ZD ©
= 0(m*). )

From the law of large numbers, we have F(m) = |E,|
for m > 1. We therefore obtain

|E,.| = O(m?). (8

Consequently, if we assume that new customers of i-mode
are selected at random, the volume of e-mail traffic is inde-
pendent of the structure of human relations and increases by
O(m?). This does not agree with Eq. (3).

5. Selection of New i-mode Customers according to
Identical and Independent Distributions

In a similar way to the previous section, we sort all elements
of V into descending order of degree, and let the degree of
the i-th element be D; (i = 1,2,...,n). We assign the prob-
ability p; (i = 1,2,...,n) to all nodes i € V and select m
nodes from V according to the probability p;. We assume
that node selection is according to an identical and inde-
pendent distribution (i.i.d.), that is, it negligibly affects the
probability distribution p;. This assumption indicates that
m < n and requires p; < 1 foralli e V.

Let the set of m nodes selected from V be V,,, and the
subgraph of G(V, E) induced by V,, be G,,,(V,,, E};). All ele-
ments of V,, are again sorted into descending order of degree
in the subgraph G,,(V,,, E,); and let the degree of the j-th
elementbed; (j=1,2,...,m).

As we did with the random-selection case, let us con-
sider the continuous versions of the distributions of degree
D; and d; as D(x) and d(y), and of probability p; as p(x),
where 0 < x < nand 0 <y < m. If p, > O for all
(i=1,2,...,n), we can choose the density p(x), which sat-
isfies p(x) > O for arbitrary x (0 < x < n) and

Zpl— f P dx, ©)

a—

where a and b are arbitrary integers that satisfy 1 <a < b <
n.

Let us consider the distribution function that corre-
sponds to the density function p(x),

P(x) := fx p(s)ds. (10
0

Since p(x) > 0, there exists an inverse of the distri-
bution function, P~'(u), for all u e [0,1]. Consider
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{x1,x2,..., x5}, which is a sequence of the points selected
by probability density function p(x) from [0, 1] and sorted
into ascending order. If we apply the distribution func-
tion P to transform the points {x|, x2, ..., x,}, the points in
{P(x1), P(x2), ..., P(xy)} are uniformly distributed on [0, 1].
So, the node corresponding to a node j € V,, is, on average,
x = P7'(j/m). Therefore, we can express the relationship
between D(x) and d(y) as

fo d(y)dy = c(m) fo D(P~! (y/m))dy, Y

where c(m) is a function of m. Incidentally, in the case in
the previous section,

-1

c(m) = ——— - (12)
and p(x) is a constant.

Then, the expectation of the number of links in

Guw(Vy, Ep), F(m) := E[|E,,|] is expressed by

m

F(m) = ZZd
1 m
=2 fo dy) dy

1 3
= 5 cm) f D(P™ (y/m)) dy
0
1 " dy
=_ D(x) -= dx. 1
3 c(m) fo (x) ix dx (13)
Since x = P~'(y/m), we can obtain dy/dx = m p(x). Thus,

F(m) = %c(m) fo D(x) p(x) dx. (14)

If the probability density p(x) is independent of the topology
of the original graph G(V, E), we can determine c(m) = (m—
1)/(n— 1), and get

_lmm-D
Fom =5 =0 ZAD” (15)

Comparison with Eq. (6) shows us that Eq. (15) is equivalent
to selecting nodes at random for the graph with degree dis-
tribution D} = n D; p;. In particular, if nodes are selected at
random, that is, p(x) = 1/n, Eq. (15) becomes identical with
Eq. (6).

In popularization of the i-mode service, advertising in
the mass media had far more power than did word of mouth.
So, we can assume that the popularization process was in-
dependent of the topology of human relations. The num-
ber of subscribers among the average user’s friends and ac-
quaintances is thus proportional to the number of i-mode
subscribers, so we can state that

c(m) o< m. (16)

Thus, we have
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F(m) =~ O(m®) x f ' D(x) p(x) dx. (17)
0

Since, in order to realize |V,,| = O(m'*®), F(m) has to
satisfy F(m) = O(m'*®). So, we have

f " D(x) p(x)dx = O(m*™"), (18)
0

or in discrete form,
> Dipi = 0(m™ ). (19)
i=1

Since D(x) and D; are independent of m, Eqs. (18) and (19)
mean that p(x) and p; depend on m. This result contradicts
the assumption of i.i.d.

6. The Structure of Human Relations and the Rule for
Subscription to the i-mode Service

The previous section demonstrated that the probability of
selecting a given node changes after each node selection.
Since setting a new probability for every node selection is
complex, we adopt a deterministic approach.

We sort all elements of V into descending order of de-
gree (number of links connected to the element), and let the
degree of the i-th element be D; (i = 1,2,...,n). In cases
where multiple nodes have the same degree, i is arbitrarily
assigned. Similarly, all elements of V,, are sorted into de-
scending order of degree in the subgraph G,,(V,,, E,;,). We
let the degree of the j-th elementbe d; (j = 1,2,...,m).

On the other hand, we sort those elements of V that
have been selected for V,, into their order of selection,
and let the degree within V of the k-th element be D;f)
(k = 1,2,...,n). All elements of V,, are sorted into the
same order. Let the degree within V,, of the h-th element
be d'” (h = 1,2,...,m). While the g-th element, g € V,,
corresponds to g € V, d;f) is very rarely the same as Dif).

If we select m elements from V, the degree within
G.(V,., E) of the selected elements can be written as

m

>idY =cm) Y DY, (20)
k=1 k=1

where c¢(m) is a function of m. The number of links in
G,,(V,u, E) 1s then written as

m

1
E =z ) dY
|E,l 2;k

1 (s
~ Ec(m)ZD,g). Q1)
k=1

As was earlier stated, advertising in the mass media had far
more power as a popularizer of the i-mode service than did
word of mouth, from which we obtained Eq.(16). Then,
from Eq. (3), we have

Z DY o m®. (22)

k=1
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Since Eq. (22) is valid for all m, we have
DY o k7. (23)
The above results are rephrased below.

e (Result A) The elements of V,, tend to be selected from
V in descending order of degree in G(V, E). In other
words, a person who has many friends tends to sub-
scribe to the i-mode service at an earlier stage.

e (Result B) The distribution of degree among the ele-
ments of V obeys Zipf’s law [9]. That is, for the degree
D; of the i-th element of V (the indices are determined
in descending order of degree)

D;oci® (24)
holds, where 8 > O is a constant and 8 = 1 — a.

Conversely, Results A and B along with c(m) oc m lead us to
Eq. (3).

7. The Structure of Human Relations as a Scale-Free
Network

We consider the distribution of degree, n(k), for a G(V, E)
the elements of which satisfy Result B. Let the slope of
Zipf’s law in the log-log plane be —3. We consider the de-
gree of the x-th element, Z(x). For constants ¢ > 0 and
ci > 0, the degrees of the x-th and ax-th elements are writ-
ten as

Z(x) = %, and (25)

X
C1

(ax)p’

Since the slopes at both (x, Z(x)) and (ax, Z(ax)) are —3 on
a log-log scale, let us consider two triangles which are con-
gruent in the log-log plane (see Fig.4). The lengths of the
bases of the two triangles are related to n(Z(x)) and n(Z(ax)).
More specifically, the ratio of the two lengths in the lin-
ear plane is equal to n(Z(x)) : n(Z(ax)). Thus, we have
n(Z(x)) : n(Z(ax)) = 1 : a. Consequently, for a constant

Z(ax) = (26)

Ccy > 0,
n(Z(x)) = ¢, and 27
n(Z(ax)) = cy a. (28)

We can plot the points (Z(x), n(Z(x))) and (Z(ax), n(Z(ax)))
and then derive the slope of the line connecting the two
points on the log-log plane as

_ logn(Z(ax)) — log n(Z(x)) l
~ logZ(x) —logZ(ax) S’

(29)

The above equation, Eq. (29), is independent of a. Thus, the
distribution of degree is obtained as

n(k) c k77, (30)

where y = 1/f. This relation is called Lotka’s law [9]; since
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Fig.4 Two points extracted from data that satisfies Zipf’s law (upper
panel) and plotted on a Lotka-type graph (lower panel).

it is a consequence of Zipf’s law, the two laws accompany
each other (e.g. in Internet access [10]). From the above dis-
cussion and Result B, we get the following result:

e (Result C) The graph that represents human relations
is a scale-free network, with distribution of degree de-
scribed by Eq. (30) and

1
YE1 o (31)
-«
By using the experimental value @ = 0.55, we get
n(k) oc k22, (32)

8. Concluding Remarks

Results A—C were derived on the assumption that c(m) o m,
where m is the number of subscribers and c(m) is, for the
average user, the ratio of the number of friends who are
subscribers to the i-mode service to his/her total number of
friends. This is based on the assumption that the process
of popularization is independent of the topology of human
relations, which is in turn based on the fact that advertise-
ments for i-mode in the mass media have been very much
more powerful as popularizers of the service than the diffu-
sion of information by word of mouth. However, in cases
where the diffusion of information by word of mouth plays
a non-negligible role, c(m) # O(m). Our purpose in this
paper has been to describe the characteristics of human re-
lations revealed by data on the i-mode service. Results B
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and C are valid as descriptions of human relations and both
will be useful for investigating other fields including mar-
keting strategies, the propagation of rumors, and the spread
of epidemics.

In addition to information on the structure of human
relations, we also obtained Result A, which concerns the
dynamic behavior of customers. This result is applicable as
a description of how a money spinner emerges. We expect
that combining knowledge of the three results will lead to
efficient marketing strategies.
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